INTRODUCTION
Quantitative problems in the phenollienon of epidemics have been of interest for over fifty years. Specific applications of the theoretical developments have been made to malaria (Ross [1911] ; hlartiiii [1921] ), to measles (Wilson et al. [1939] ; Bartlett [1967] ), and to other coinniunicable diseases. Specific references may be found in the excellent monograph by Bailey [1957] . All of the diseases whose theory has been developed so far are such that a population can be divided into subpopulations whose members are considered to be susceptible, infected, or immune. However, there are several diseases in which carriers are a significant factor in the spread of the epidemic. The prime example of these is typhoid, although carriers may be important in the spread of bilharzia, ailioebic dysentery, and typhus. A carrier is defined to be an individual who does not have overt disease syinptoms but nevertheless is able to coinmunicate the disease to others. Under this category we may include not only human carriers but also inanimate sources of disease such as polluted streams which may be used by a fairly large population.
Diseases involving carriers are still important notwithstanding modern health controls-as witness the recent outbreak of typhoid in Zermatt, Switzerland. In more primitive societies the problem can obviously be more acute. To date, no theory seems to have been developed to make quantitative the factors involved in a carrier-borne disease. I t is the purpose of this paper to analyze a fairly simple and admittedly incomplete model of an epidemic involving carriers. I will assume in the present work, that only carriers are responsible for the spread of the disease. By inlplication this assumes that public health measures are efficient enough to isolate infected individuals who may be able to transmit the disease to others. This may not be as unrealistic as it sounds. Consider, for example, the case of typhoid. It is estimated that about one or two percent of all those who have re-'Present Address: National Cancer Institute, National Institutes of Health, Bethesda, &Id., U.S.A. covered from typhoid may harbor pathogenic bacilli within then1 (Smadel[1963] ). Most of these individuals will have had all of the syniptoms of typhoid and can be checked by public health authorities. HOTVever, seine people niay contract the disease in such a niild form that the syiiiptoms are unnoticeable. I t is these people who are a potential danger to the commu~iity. I n this paper I will try to give a theoretical estimate of the degree of this danger.
There are generally two types of epidemic theory: the deterniinistic theory in which the numbers involved are treated as continuous variables, and the stochastic theory which takes into account random effects. It is felt that the stochastic theory is a niuch better iiiodel of any actual situation, but the deterniinistic equations are usually much easier to handle. We will begin the analysis with a brief account of the deterministic theory of epidemics with carriers, mainly because the analysis is quite simple. Following the treatment of the deterministic theory we shall discuss the statistics of a particular parameter, the ultimate size of the epidemic. A complete account of the time-dependent properties of the stochastic theory is quite complicated and will not be given in the present paper. By coilsidering the embedded M~~rliov chain in the description of the epidemic, it is possible to derive a result in a simple, closed, form for the ultiniate size of the epidemic in a fixed population, due to the introduction of n carriers into that population.
THE DETERMINISTIC THEORY
Let m(t) be the number of susceptible individuals a t time t, and let n(t) be the number of carriers a t time t. It will be assumed in both the deterministic and in the stochastic theory that the instantaneous elimination of carriers will take place a t a rate pn(t), where /3 is a constant, and that the rate of infection spread a t time t will be ana(t)n(t), where a is likewise a constant. I n addition n7e will define a parameter o as the ratio u = alp.
(1) Then, by our assumption as to the mechanism of the spread of the epideiilic we have the equations riz(t) = --am(t)n(2) (2) k(t) = -pn(t) whose solutions are n(t) = n(0) exp (-Pt) 
SPRE.4D OF EPIDEMICS RY CARRIERS
Thus, the ultiniate number of survivors of the epidemic is
I t will be seen that the stochastic theory leads to essentially the same result for the mean when un(0) is small, but the deterministic theory overestii~lates the expected size of the epidemic when ~n ( 0 ) is not small.
THE STOCHASTIC THEORY
I n what follows we will not discus the conlplete time dependent stochastic theory since the equatioils are difficult to solve. However, when we reitrict our attention to the statistics of the ultimate size of the epidemic, the treatment of the problem becomes much simpler. A similar analysis was given by Bailey [I9531 for the statistics of the I<ermack-McI<endricli epideillic model. A complete time-dependent analysis can, however, be given rather simply for the case n(0) = 1. This will be discussed below.
Let us therefore define a function n,L(m, n) to be the probability that a population of In susceptibles are reduced to k survivors at the ternlination of an epidemic initiated by n carriers. Termination can occur either when the number of carriers is reduced to zero or when all inenlbers of the populatioil are infected. TT7e assume that the probability that a carrier is eliminated in (t, t + dt) is p~d t where r is the nunibei of carriers extant a t time t. The probability of a carrier infecting a susceptible in (t, t + dt) will be arsdt where s is the number of susceptibles a t time t. It will be assumed that a susceptible who has become infected will not be a further source of infection but will be identified and removed from the population. Thus, we n7ill be dealing with a randoill walk on a lattice specified by points (m, n) where m is the initial number of susceptibles and n is the initial number of carriers. I n order to solve Equation (6) The moments of the distribution of the number of ultinlate swvivors are easily derived from the expression of Equation (18). The mean and variance are found to be When un is small the exact mean, given by this equation, is to be compared with the number of survivors predicted by the deterministic theory, m exp (-un). The agreement in this limit is close. For larger un the expected ultimate number of survivors according to the stochastic model is greater than that predicted by the deterministic theory.
The result for ~~(772, 1) follows directly fro111 Equation (12); In particular when u = 1 all of the nk(7?z, 1) are equal:
This completely random distribution renders any deterniinistic theory mrholly inadequate. When n = 2 one can find an explicit expression for nk(m, 2) by differentiating ?t,,,(s)/s and setting s = 0, where +(x) is the logarithmic derivative of the gamma function (see, e.g. Davis [1935] ),
Expressions for the a,(m, n) for greater values of n can be written in terms of polygamma functions, which are also tabulated by Davis [op. cit.] . Values of ~~( 1 0 , 2) are given in Tables I and 11  1) and ~~( 1 0 , for u = 0.2 and u = 1.0. As expected, the introduction of a second carrier significantly affects the results for so small a population.
An important case is that of large numbers of susceptibles, and a large epidemic. Specifically we will assume 
where 6 is the percentage of the initial population which falls prey to the disease. The application of Stirling's formula to Equation ( Although the analysis of the time-dependent evolution of a carrier borne epidemic is somewhat complicated, the case n = 1 can be discussed fairly simply. I n this situation the epidemic can be tern~inated in one of two ways; either the carrier is eliminated or else the entire population contracts the disease before the carrier is eliminated. Let us define p, (t) to be the probability that the population is reduced from m to j in time t conditional on the presence of the carrier a t t. The probability that there are j susceptibles in the population a t time t is p,(t) exp (-Pt), the last term being the probability that the carrier has not been clinlinated by time t. The p, (t) then satisfy the equations This is a simple death process with the solutioll (Bharucha-Reid [1960] )
If we denote the probability density for the duration of the epidemic by y(t) then this function is given by
The first term is the probability density assuming termination by elimination of the carrier and the second term represents termination by involvement of the entire population before the carrier is eliminated, since p(t) is the probability density for the event 'population number reaches zero at time t'. Moments of the time to cessation of the epidelnic may be derived from the Laplace transform of a(t). This function is calculated to be In particular, the expected time to the cessation of the epidemic is For large ?nStirling's approximation can be applied to the factorials with the resulting expression It is rather difficult to estinlate u froin any presently available data, but nre may get a rough order of magnitude estinlate from the results of the recent outbreak of typhoid in Zerinatt. The nornlal population of Zermatt is of the order of 1,000 people, although a t the outbreak of the epidcnlic people had arrived for a slii festival. Let us therefore put the population a t about 1,300. Roughly 100 cases of typhoid were reported. We can then get a crude estimate of u by equating expected numbers to actual numbers. I n this way we find If we put n = 1 then u = .072, for n = 2, u = .034 and for n = 3, u = .023. We inay conclude that the appropriate value of CJ for the Zermatt epidemic was sonlexvhere betn7een 0.005 and 0.1, allowing for the uncertainties of our calculation. If XTe assume that it takes on the order of magnitude of a nreek to eliminate a carrier, i.e., p = 1 weel<-', then cr ranges between 0.005 and 0.1 vreek-'. It may be presumed that in inore priinitive societies the range of might be as high as 1-10.
CJ
The present theory clearly oinits several factors ~vhich dcserve further study. In particular, it is important, but much more difficult, to treat the case of an epidemic in ~~11ich the disease can be spread both by carriers who have had overt syniptonzs and by those who have not. The problenz of estiniation of paraineters requires analysis even for the present, rather simple, model. Here one needs the coniplete time-dependent solution of the equations in order to develop experinlentally feasible estimators. Another factor which may have been important in the Zerinatt epidemic but which is not treated by the present theory is that of imnligration and emigration. I n any epidemics which occur in a non-prinitive society, such factors will be of growing iilzportance as transportation beconies easier.
Several of these topics will be the subject of future research in elucidating the role of carriers in the spread of a disease.
